
Integral Domains & The Field of Quotients lThm] Every commutative ring w/Unity contains a subring g- (zee subringThan)
What is an Integral Domain: A commutative ring w/ unity zzz ar En

and#visus . pwof@LefRbeanarb.comM - ring w/Units[ Examples : ☒ ,
27 [×]

,
Rex]

consider ¢ : ☒→R defined as 0112-3=-2.1 ZEZF
.

☐
"

integer like
" domain

Nts : 01 is a ringhomomorphism f-R R

{
Recall : Characteristic of a commutative ring

R with unity
-

Let aibbeze c- 27
,

chatb) = (atb) • I =1tZ;j_+2_ = (1+2--1--1) + (2+15--1--1)
is the smallest ne IN

s.t.lt a c- R n . a=ata=O ,

[ If no
such value exists , we saythe n-times 27

/ = (a. 2) +
(b.2)

characteristic of 12=0 . flab)=z+1t%2
+ It 7- + It

- - + I
☐ V-ac-R.la/+/charCR)

, y, , ,
. .

.

+ ,
}b = (1+-1+-1-1)lb.IT?Ya?zJYba#TthmJfa=oc-D1al+--char (D) for integral domain

D
: I = Q(a)Qcb)

P Sps .

for some a-1-0 ,

la/+ = m
< cha⇒)

4 is a ring
honouramorphism .

.: By the ist isomorphism
⇒ m.a=atama

= 0

tnm for rings what isthe Ker Q ?
"

1a+1ma+1a-a
= 12+1+[+7-2]

a =
Cm .1) a=o

IT if char CR)=n
⇒ Ker =<n>

Zhao I 0127) ER if char CR)=O ⇒ Kera
__ { 0}

⇒ f ✗ ED m . ✗ = Cm .1) ✗ = 0×-0 É=EKn> =_ En
⇒ char (D) =m ⇒§

☐ QCEDI 27/303=27
Thin In an ID D , char (D) is

either 0 • prime . wha+isd ?

Th Every finite ID
is actually afield -

⇒ f has a subringI Efp or 27

p Let D be an arbitrary finite ID q gE
field

D= {0,1 ,
a

, ,
az

,
.
. -

,
an } 07

nt 2 elements in D .

Let ai be an arbitrary non-zero
element of D

consider a:D = { a:O ,
a:L , . . - , a.an} ←

ns-zdist.in#emeatgofDThmJ(Steinitz
) Every field

f- contains a
subfield -1 to -27ps

for ÷¥p=ch
or toQifcharO

[ ""• °""" ai" = "" ⇒ ^""-""* =°

them ⇒
Éncontuins a subring

SEE .

1 c- aid ⇒ 3- a; c- Dst . ai Cai -ae)=0 ⇒& y
- -

aiai =L censtned-T-qab-ila.be/andb=0#-@
→ ai has a malt

.
inverse ⇒ D is

afield
.

• prove 1- is
well-defined &asuzb.is?p9sLEriFn-gtesiDe#apy.--qyynPr%B9z-
subring

let ✗cyber c-T ⇒ ✗ = qbi
' and y=azbI

'

µ
. (f) = N'(ab

" ) = Hca)Wb)
" t=ab"£T

for a, ,a<
c- S ,

b
, , bats & =/ 0

.

bydefaoftaibes
Nts :①*' is a ring homomorphism

✓
✗- y = a.bi

'

-aabi-aibibebi-azbib.b.it
Tisa { - - - -

- -
- -

① Let my
beret

,

as before ✗=a -
bi

"

9=9-bi
"

subringof = ( a ,b, - azb ,) ( bibi)

µ
.

! *ycaisu-a.bicb.ba
")

F
= (a.be- Azb ,) (bzb ,

)
" c-
T

¥ I know
bzb , =/ 0

sinceb ,
-1-0=152

no zero
division

=Y(acbztacbi) YCb.bz)
"

=@ (a)Ucb,) +✗Camba
))U(bÑ

"

(b)
"

¥É⇒x=b")
✗y = (qbi

')(Gabi ' ) =ycasx#⇐ 0

= y(a.)4lb ,
)
- '

+Wamba)
"

= 4 "
' (9)

=(q.agcb.bz)
- i c-T / are:{o}

⇒ yea,=o⇒a=o
4
' is 1- I

Let In bese c- ④ ⇒
M'" ←☒ Ty istheisomorphism
n-40

Y' (✗ g) = ref aebiazbz
"

)=4'(a.adb .be)
- 1) =Y(a.a2)4(biba)

"

u ,a,=m ,
uconn from s→*

=4CaD4CaD4CbÑ4CbD"=4CaD4(b.)
"YGjycbj-iwyyyjs-ai.es

"'

since n -10 ⇒
b -40

.
: ab
" ET

s-t ✗Yag
.
")=m_n .

:
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